Lecture XIX
Theory of Linear Systems
Much of what was learned for linear ODEs apply just as well to systems of linear ODEs,
with the exception that the language we use shifts from basic algebra to matrix algebra. We

will begin by concerning ourselves with first-order linear systems of n ODEs in normal form
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More conveniently, we could express this system in matrix form
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or simply as
X' — AX +F. (1)

Here, X is the solution vector whose entries are differentiable functions satisfying the above
system on some interval /. In the case of a homogeneous linear system of n ODEs, we have
F = 0, namely

X' = AX. (2)

We can also define an initial value problem as

X' = AX +F subject to X(tg) = Xo. (3)

Please find below several definitions and theorems for linear systems of ODEs.



THEOREM: Existence of a Unique Solution
“Let the entries of the matrices A(t) and F(¢) be functions continuous on a common interval
I that contains the point f5. Then there exists a unique solution of the initial-value problem

(3) on the interval.” (Zill & Wright, 2014)

THEOREM: Superposition Principle
“Let X1, Xy, ..., X} be a set of solution vectors of the homogeneous system (2) on an interval

I. Then the linear combination

X =1 X; + Xy + -+ Xy

where the ¢;, j = 1,2,..., k are arbitrary constants, is also a solution on the interval.” (Zill

& Wright, 2014)

DEFINITION: Linear Dependence & Independence
“Let X1, Xa, ..., Xx be a set of solution vectors of the homogeneous system (2) on an interval
I. We say that the set is linearly dependent on the interval if there exist constants

c1,Ca, ..., Cx, not all zero, such that

01X1+02X2+"'+Cka:0

for every t in the interval. If the set of vectors is not linearly dependent on the interval, it

is said to be linearly independent.” (Zill & Wright, 2014)

THEOREM: Criterion for Linearly Independent Solutions
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be n solution vectors of the homogeneous system (2) on an interval I. Then the set of



solution vectors is linearly independent on [ if and only if the Wronskian
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for every ¢ in the interval.” (Zill & Wright, 2014)

DEFINITION: Fundamental Set of Solutions
“Any set X1, Xo, ..., X,, of n linearly independent solution vectors of the homogeneous system
(2) on an interval [ is said to be a fundamental set of solutions on the interval.” (Zill &

Wright, 2014)

THEOREM: Existence of a Fundamental Set of Solutions
“There exists a fundamental set of solutions for the homogeneous system (2) on an interval

17 (Zill & Wright, 2014)

THEOREM: General Solution of Homogeneous Systems
“Let X1, X, ..., X, be a fundamental set of solutions of the homogeneous system (2) on an

interval I. Then the general solution of the system on the interval is

X201X1+C2X2+“‘+Cnxn

where the ¢;, j = 1,2, ...,n are arbitrary constants.” (Zill & Wright, 2014)

THEOREM: General Solution of Nonhomogeneous Systems

“Let X, be a given solution of the nonhomogeneous system (1) on an interval I, and let

Xh = 01X1 +C2X2 + - +Can



denote the general solution on the same interval of the associated homogeneous system (2).

Then the general solution of the nonhomogeneous system on the interval is

X =X, + X,.

The general solution X, of the associated homogeneous system (2) is called the homoge-
neous solution or complementary function of the nonhomogeneous system (1).” (Zill

& Wright, 2014)

Lecture Problems (§10.1): 3, 14
Tutorial Problems (§10.1): 2, 6, 15, 18
Suggested Problems (§10.1): 1, 5, 11, 13



BONUS NOTES

None.
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